We investigate three-flavour chiral perturbation theory including virtual photons in a limit where the strange quark mass is much larger than the external momenta and the up and down quark masses, and where the external fields are those of two-flavour chiral perturbation theory. In particular we work out the strange quark mass dependence of the electromagnetic two-flavour low-energy constants C and k i . We expect that these relations will be useful for a more precise determination of the electromagnetic low-energy constants.
INTRODUCTION
Chiral perturbation theory (χpt) [-] is the effective theory of qcd at low energies. It relies on an effective Lagrangian whose coupling constants are the chiral low-energy constants (lecs).
They are independent of the light quark masses and encode the influence of the heavy degrees of freedom that are not contained in the Lagrangian explicitly. For many phenomenological applications the predictivity of χpt depends on realistic estimates of these lecs. An up-todate account of our knowledge about the lecs can be found in the recent conference reports of Ecker [] and Bijnens [] .
In this article we are concerned with the electromagnetic lecs of χpt in the (natural parity) meson sector including virtual photons. In the following we abbreviate the effective theory with three flavours with χpt We briefly comment on related work in the literature. Analogous relations between the two-flavour and the three-flavour lecs in the strong sector have been provided by Gasser and Leutwyler in [] . Recently, we have worked out the same relations to the next higher order (at two-loops) in the perturbative expansion [] , see also [, ] for earlier contributions of such relations at two-loops. Finally, analogous work was performed at one-loop accuracy in the baryonic sector in [] .
The remainder of the article is organised as follows. After setting the notation in Sec. , we give some details on the derivation of the matching relations in Sec. . Section  contains  After we had performed these matching relations, we were informed by Marc Knecht The basic building block of the chiral Lagrangian is the Goldstone matrix field u(φ) which
where h is called the compensator field. The mesonic Lagrangian then consists of operators X that either transform as
or remain invariant under chiral transformations. As a result, (products of) traces of products of chiral operators X are chiral invariant. The elementary building blocks of the effective Lagrangian that have the transformation property of Eq. (.) and furthermore contain the external vector v µ , axial a µ (both traceless), scalar s, and pseudoscalar p sources are given by
where
with A µ the photon field and Q L,R spurion sources with the transformation properties
They are also contained in the building blocks
which transform according to Eq. (.). Below, we will consider constant sources Q R = Q L = Q only, and of phenomenological interest are the cases with two (Q = Q 2 ), as well as three light flavours (Q = Q 3 ),
Note that Q 3 is traceless, while Q 2 is not. For three flavours the leading order Lagrangian reads in Euclidean space-time,
where the superscript (3) labels the number of flavours. Further, (2), and similar for the sources. Furthermore, the lecs F 0 , B 0 , and C 0 are to be replaced with F , B, and C, respectively. To distinguish two-from three-flavour fields, we decorate the former ones with a superscript π . In summary,
For the nlo Lagrangian L 4 we need the following additional building blocks:
where we have introduced the field strengths
y ∈ {r, l} , and the covariant derivative ∇ µ in terms of the chiral connection Γ µ ,
It is worth noting that f +µν for two-flavours is not traceless, since the charge matrix Q 2 is not. To be in line with the basis operators introduced by Gasser and Leutwyler [] , it is convenient to introduce in addition the traceless operatorf π +µν , 
In the following, we call the operators x j , X j and the lecs l j , L j strong operators and strong lecs, as these operators do not vanish when switching off the electromagnetic coupling con- 


INTEGRATING OUT THE STRANGE QUARK
This section is devoted to give some details on the derivation of the main results presented below in Eq. (.). We will follow the steps outlined in [, ].
. generating functional
We start by considering the generating functional Z of χpt
It may be evaluated in a low-energy expansion in the number of loops,
where Z 0 (Z 1 ) collects the tree-level (one-loop) contributions. They are given by
whereS n denotes the classical action
the Goldstone Boson fields u cl and the photon field A cl µ being evaluated at the solution of the classical equation of motion (eom),
The explicit form of D was first given by Urech with
(.)
The generating functional for two flavours z is defined analogously to the one with three flavours. For later purposes we explicitly introduce its low-energy expansion up to one-loop, 
. matching
We impose now the following constraints on the three-flavour functional:
i) the external sources of χpt iii) external momenta are restricted to values below the threshold of the massive fields,
We will refer to the limit that satisfies i), ii) and iii) as the two-flavour limit of the threeflavour theory. In this limit the three-flavour functional reduces to the two-flavour functional,
i.e. both theories yield the same Green's functions in the low-energy region,
 To ease notation, we will drop from now on the label cl for the fields that satisfy the eom. 
And similar for the building blocks of Eqs. (.),
Next, we write down the eom of the η field, in which every occurrence of an η particle counts as order p 2 in the two-flavour limit,
As a result, we obtain a systematic low-energy expansion of the SU(3) building blocks.
Before proceeding, we add a remark: to be precise, the pions of χpt γ 3 differ from their two-flavour equivalent, since they satisfy different eoms. Indeed, in the two-flavour limit, we find
to be compared with the eom of χpt
However, expanding the trigonometric functions in Eq. (.), one observes that the difference is of order p 4 ; hence, it affects the matching relations only beyond the accuracy we are working. Also at the level ofS 2 -which is the only one to matter for the eom -the lecs of both theories coincide due to the matching condition (.). These are the reasons why we do not distinguish between the pions of both theories in this article. However, if one wishes to carry out the matching beyond one-loop order, this issue requires a considerable deeper examination, see also [] . Similar remarks apply for the photon.
By now, it is straight forward to evaluate the tree level diagrams ofS 2,4 in the two- the reduction of the electromagnetic operators explicitly. We find, 
(.)
.. Loops: the determinant in the two-flavour limit
The determinant of the differential operator D covers all one-loop diagrams of the generating functional. Its evaluation in terms of an expansion in external fields in the two-flavour limit may be worked out as follows. To begin with, we note that the contributions from the massless (pions and photon) and from the massive fields (kaons and eta) may be separated [, ],
The first determinant ln det D ℓ involves contributions from pions and photons only, it is a purely non-local object and for the matching of the lecs needs not to be considered any And the low-energy expansion of this diagram yields to local terms only. The photon does not show up in this mixing term, because the eta is not charged. We find 
where F l n (m 2 ) denote loop integrals,
which are well-known, cf. e.g. Ref.
[]. The renormalisation is carried out in the MS-scheme, where the lecs c i ∈ {l i , k i , L i , K i } are splitted into a divergent and a finite part as follows, where we introduced the abbreviations,
These relations are the main results of our article and deserve a few comments:
-we only display the matching relations for the electromagnetic lecs as well as the strong lec l 11 . The ones for the remaining strong lecs may be established along the very same lines and may be found in [, ];
-at first glance it might come as a surprise that strong three-flavour lecs show up in the matching of the electromagnetic lecs, cf. k r 8 . Along the derivation presented here it is the eom which links strong and electromagnetic operators and needs to be used to project the operators X 4 and X 5 (in the two-flavour limit) into the two-flavour basis; -briefly, we go back again to Eq. (.). We remark that only the kaon loop contributes non-trivially to the matching of the electromagnetic lecs. Having in mind that along the method presented here, we had performed the matching for the strong lecs logarithm. This was discussed in more detail in [] for the strong lecs l i .
We consider it difficult to assign reliable errors to the estimates of the lecs in Tab. . The determinations in [,,] -from where we invoked the K r i -are model dependent, for which reliable estimates of uncertainties are always a delicate affair. Moreover, the scale dependence in various lecs can be strongly correlated. We shall therefore refrain from assigning individual errors to the estimates in Tab. . To be conservative, one might attribute an uncertainty of 1/(16π 2 ) ≈ 6.3 · 10 −3 to each lec k r i , stemming from general dimensional arguments. The size of this uncertainty compared to the values in Tab.  indicates that the entries of the table are yet only a rough order of magnitude estimate.
In the near future, a more precise determination of (some combinations of) electromagnetic lecs may also be expected from lattice qcd. In this respect we mention two recent studies These relations are useful to obtain constraints and further information on the pertinent lecs.
As an application we have used these relations to obtain numerical estimates for the values of the two-flavour electromagnetic lecs.
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